
Kibble & Berkshire Chapter 10 Problem 9

Problem

A simple pendulum of mass m and length l hangs from a trolley of mass M running on smooth hor-
izontal rails. Using the position x of the trolley and the angle of inclination θ of the pendulum as
generalized co-ordinates, write down the Lagrangian function, and Lagrange’s equations. Obtain an
equation of motion for θ alone. If the system is released from rest with the pendulum inclined at 30◦

to the vertical, use energy conservation to find its angular velocity when it reaches the vertical, given
that M = 2 kg, m = 1 kg, and l = 2m.

Solution

L = 1
2Mẋ2 +

(
1
2m(ẋ+ lθ̇cosθ)2 + 1

2ml
2θ̇2sin2θ

)
− (mgl(1 − cosθ))

= 1
2Mẋ2 + 1

2m(ẋ2 + 2ẋlθ̇cosθ + l2θ̇2) −mgl(1 − cosθ)

d

dt

(
∂L

∂ẋ

)
=
∂L

∂x

d

dt
(Mẋ+mẋ+mlθ̇cosθ) = 0

(M +m)ẍ+ml(θ̈cosθ − θ̇2sinθ) = 0 (1)

d

dt

(
∂L

∂θ̇

)
=
∂L

∂θ

d

dt
(mlcosθẋ+ml2θ̇) = −mlẋθ̇sinθ −mglsinθ

ẍcosθ − ẋθ̇sinθ + lθ̈ = −ẋθ̇sinθ − gsinθ

ẍcosθ = −lθ̈ − gsinθ (2)

Then subs for ẍ in (1)

−(M +m)(lθ̈ + gsinθ) +mlcosθ(θ̈cosθ − θ̇2sinθ) = 0

−(M +m)(lθ̈ + gsinθ) +mlcos2θ θ̈ −mlsinθ cos θ θ̇2 = 0

−lθ̈(M +m−m(1 − sin2θ)) −mlsinθ cos θ θ̇2 − (M +m)gsinθ = 0

lθ̈(M +msin2θ)) +mlsinθ cos θ θ̇2 + (M +m)gsinθ = 0

——————

Equating the kinetic energy at the vertical with the initial potential energy

1
2 (M +m)ẋ21 +mlẋ1θ̇1 + 1

2ml
2θ̇21 = mgl(1 − cos30◦)

Subs M = 2, m = 1, l = 2

3
2 ẋ

2
1 + 2ẋ1θ̇1 + 2θ̇21 = 2g(1 − cos30◦)

Taking the momenta of the two masses as equal and opposite at the vertical i.e. m(ẋ1 + lθ̇1) = −Mẋ1
or ẋ1 = −2θ̇1/3 and substituting

θ̇21(
2

3
− 4

3
+ 2) = 2g(1 − cos30◦)

θ̇21 = 3g(1 − cos30◦)/2 = 1.971

θ̇1 = 1.403

The angular velocity at the vertical is 1.40 s−1
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