Kibble & Berkshire Chapter 11 Problem 12

Problem

A rigid rod of length 2a is suspended by two light, inextensible strings of length [ joining its ends to
supports also a distance 2a apart and level with each other. Using the longitudinal displacement =,
and the tranverse displacements y;, yo of its ends, as generalized co-ordinates, find the Lagrangian
function (for small z, y1, y2). Determine the normal modes and frequencies.

Solution

Taking the co-ordinates of the CM of the rod as (x,y) and the angle through which it rotates about
the CM as 0
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The longitudinal, transverse and rotational modes all contribute to the potential energy, hence for
small oscillations (using w2 = g/I)
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V= %mw§x2 + %mw%yQ +mg |l — \/Z2 — <y1 2 yz)

1/2
= tmee® + dme (g1 +v2)* + mgl (1= (1= (1 — 32)/20%)""")
~ gmwpr” + gmwh (y1 + y2) + mgl(yn — y2)* /81

= tmwiz® + tmwd(y1 + y2)® + tmwd (y1 — y2)?

Similarly for the kinetic energy
T = imi® + Imj® + 110°
= gmi® + gm(G1 +92)" + 3 (3ma?) (41 — 1)* /40
= imi”® + tm(i + 92)° + fm(ir — 92)?
Hence the Lagrangian
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L=1imi® + tm(i + 92)° + m(i — 92)° — dmwia® — tmwd (y1 + y2)° — 2mwd (y1 — y2)
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= —wix — w2 =wi =g/l
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dt \09) O
Tm(ii + §2) + 15mii — f2) = —Fmwi (1 + y2) — Tmwi(y1 — y2)
241 + §2 = —3wiys (1)

a(ony_on
dt \9y2)  Oya

1m(ih + i) — 5mi — §2) = —tmwd (y1 + yo) + 2w (y1 — y2)
i+ 242 = —3wiye (2)
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Adding or subtracting (1) and (2) gives the required equations for y and 6

i1+ i = —wi(y1 + y2)
2

ij=—wly - wy = wp = g/l

i1 = = —3wi(y1 — ya)
6 = —3w2h — wi = 3wd =3¢/l

Hence the normal mode frequencies are ﬁ , ﬁ and 4/ 379
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