Kibble & Berkshire Chapter 12 Problem 1

Problem

A particle of mass m slides on the inside of a smooth cone of semi-vertical angle «, whose axis points
vertically upwards. Obtain the Hamiltonian function, using the distance r from the vertex, and the
azimuth angle ¢ as generalised co-ordinates. Show that stable circular motion is possible for any value
of r, and determine the corresponding angular velocity, w. Find the angle « if the frequency of small

oscillations about this circular motion is also w.
Solution
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Hamiltonian for generalized co-ordinates r and ¢
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The first pair of Hamilton’s equations reproduce (1) & (2) and the second pair give
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—Py = % =0 — p,=J ie. angular momentum is constant (4)

Thus the Hamiltonian may be written
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Where U(r) = ————— + mgrcosa is the ‘effective potential energy’.
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The total energy E (constant), is given by the Hamiltonian, hence U(r)
if E = U(rg) then 7 = 0 i.e. stable circular motion. This is the
minimum point on the curve, hence if
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If E > U(ro) the particle oscillates about 79 = gcosa/w?sin?a within the limits 71 and 5.

For small oscillations near the minimum; U (r) may be approximated by the Taylor series

U(r) = 1kr? where k=U"(ro) hence
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The equation of motion for small oscillations is simple harmonic

.. k
F4+w?r=0 where w'?=->"
m

Note: This is an approximate form of (3) for small oscillations.

If W' = w then

W2 = w?
3w?sin’a = w?
sina = 1/4/3
a=sin"1(1/,/3)
= 35.3°

* See Appendix A Co-ordinate Systems for Physics
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