Kibble & Berkshire Chapter 12 Problem 6

Problem

Obtain the Hamiltonian function for a symmetric top, whose pivot is free to slide on a smooth horizon-
tal table, in terms of the generalized co-ordinates X,Y, ¢, 0,1, and the principal moments I}, I35, I5.
Find whether the minimum angular velocity required for stable vertical motion is greater or less than
in the case of a fixed pivot. Can you explain this result physically?

Solution
Using the generalized co-ordinates (X, Y, Z) for the centre of mass

of the top and Euler angles (¢, 6,) for it’s orientation in space, K
the Lagrangian is given by
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From from Hamilton’s second equation (—p, = 0H/0q,); 0 is not ignorable, but ¢ and 1 are i.e.
P, and py, are constants of motion.
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Hence
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U(#) must be finite, if a top is set spinning vertically (6 ~ 0) then p, must equal py; so setting
Py = Dy = I3ws (note I3 = I3 )
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U(6) has a minimum at § = 0, which is a position of stable equilibrium if the coefficient of 62 is
positive, hence the minimum value for stability is given by
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This is identical to the case of a fixed pivot except that I; is replaced by I;. Since I} = I} + M R? the
minimum stability value of w? for the sliding pivot is reduced by a factor of I} /I;.

For values of w greater than the minimum required for stable vertical motion it’s easier for the top
with the sliding pivot to right itself than for the fixed pivot. In the sliding case the pivot simply moves
across the table (effectively rotating the top about its centre of mass), whereas in the fixed case the
whole top has to rotate about a point some distance away; and I3 < Is.
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