
Kibble & Berkshire Chapter 2 Problem 24

Problem

Solve the problem of an oscillator under a periodic force F = F1cosω1t (turned on at t = 0) by the
Green’s function method, and verify the solution

x = a1cos(w1t− θ1) + ae−γtcos(ωt− θ).

Assume that the damping is less than critical. To do the integral write sinωt as (eiωt − e−iωt)/2i.

Solution

For an unforced oscillator with small damping (γ < ω0) initially at rest and given an impulse I

x(t) =

{
0 t < 0

I

mω
e−γtsinωt t > 0

Hence Green’s function for the oscillator is

G(t− t′) =

{
0 t < 0

1

mω
e−γ(t−t

′)sinω(t− t′) t > 0

Then under a simple periodic force F = F1cosω1t

x(t) =

∫ t

0

G(t− t′)F (t′) dt′ (+ transient)

=

∫ t

0

1

mω
e−γ(t−t

′)sinω(t− t′)F1cosω1t
′ dt′

=
F1

2mω

∫ t

0

e−γ(t−t
′)
(
sin(ω(t− t′) + ω1t

′) + sin(ω(t− t′) − ω1t
′)
)
dt′

=
F1

4imω

∫ t

0

e−γ(t−t
′)
(
ei[ω(t−t

′)+ω1t
′] − e−i[ω(t−t

′)+ω1t
′] + ei[ω(t−t

′)−ω1t
′] − e−i[ω(t−t

′)−ω1t
′]
)
dt′

=
F1

4imω

∫ t

0

(
e(−γ+iω)(t−t

′)+iω1t
′
− e(−γ−iω)(t−t

′)−iω1t
′
+ e(−γ+iω)(t−t

′)−iω1t
′
− e(−γ−iω)(t−t

′)+iω1t
′
)
dt′

=
F1

4imω

[
e(−γ+iω)(t−t

′)+iω1t
′

γ + i(ω1 − ω)
− e(−γ−iω)(t−t

′)−iω1t
′

γ − i(ω1 − ω)
+
e(−γ+iω)(t−t

′)−iω1t
′

γ − i(ω1 + ω)
− e(−γ−iω)(t−t

′)+iω1t
′

γ + i(ω1 + ω)

]t
0

=
F1

4imω

[
eiω1t − e(−γ+iω)t

γ + i(ω1 − ω)
− e−iω1t − e(−γ−iω)t

γ − i(ω1 − ω)
+
e−iω1t − e(−γ+iω)t

γ − i(ω1 + ω)
− eiω1t − e(−γ−iω)t

γ + i(ω1 + ω)

]

=
F1

4imω

[
−2i(ω1 − ω)cosω1t+ 2iγsinω1t+ transient

γ2 + (ω1 − ω)2
+

2i(ω1 + ω)cosω1t− 2iγsinω1t+ transient

γ2 + (ω1 + ω)2

]
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Hence, neglecting transient terms in e−γt, we have

x(t) =
F1

2mω

[
−(ω1 − ω)cosω1t+ γsinω1t

γ2 + (ω1 − ω)2
+

(ω1 + ω)cosω1t− γsinω1t

γ2 + (ω1 + ω)2

]

=
F1

2mω

[(
ω1 + ω

γ2 + (ω1 + ω)2
− ω1 − ω

γ2 + (ω1 − ω)2

)
cosω1t +

(
γ

γ2 + (ω1 − ω)2
− γ

γ2 + (ω1 + ω)2

)
sinω1t

]
Since ω2

0 = γ2 + ω2

x(t) =
F1

2mω

[(
ω1 + ω

ω2
0 + ω2

1 + 2ω1ω
− ω1 − ω

ω2
0 + ω2

1 − 2ω1ω

)
cosω1t+

(
γ

ω2
0 + ω2

1 − 2ω1ω
− γ

ω2
0 + ω2

1 + 2ω1ω

)
sinω1t

]

=
F1

2mω

[(
2ω(ω2

0 + ω2
1) − 4ωω2

1

(ω2
0 + ω2

1)2 − 4ω2
1ω

2

)
cosω1t+

(
4γωω1

(ω2
0 + ω2

1)2 − 4ω2
1ω

2

)
sinω1t

]

=
F1

m

[(
ω2
0 − ω2

1

(ω2
0 − ω2

1)2 + 4ω2
1γ

2

)
cosω1t+

(
2γω1

(ω2
0 − ω2

1)2 − 4ω2
1γ

2

)
sinω1t

]

= a1 cos(ω1t− θ1)

Where

a1 cosθ1 =
F1

m

(
ω2
0 − ω2

1

(ω2
0 − ω2

1)2 + 4ω2
1γ

2

)
and a1 sinθ1 =

F1

m

(
2γω1

(ω2
0 − ω2

1)2 + 4ω2
1γ

2

)
Squaring and adding these equations

a21 =
F 2
1

m2

(
(ω2

0 − ω2
1)2 + 4γ2ω2

1

((ω2
0 − ω2

1)2 + 4ω2
1γ

2)2

)

a1 =
F1/m√

(ω2
0 − ω2

1)2 + 4ω2
1γ

2

Dividing

tanθ1 =
2γω1

ω2
0 − ω2

1

The general solution is then given by adding the solution of the corresponding homogeneous equation,
hence

x(t) = a1 cos(ω1t− θ1) + ae−γtcos(ωt− θ)

Where a and θ are constants fixed by the initial conditions.

———————————

J D Cain


