Kibble & Berkshire Chapter 4 Problem 18

Problem

Show that the position of a planet in its elliptical orbit can be expressed, using a frame with z-axis in
the direction of the perihelion, in terms of the angular parameter ¢ by = = a(cosy) — e), y = bsinp.
(¢ is the eccentric anomaly, while the polar angle 6 is the true anomaly.) Show that r = a(1 — ecos),
and that the time from the perihelion is given by ¢ = (7/27) (¢ — esiny) (Kepler’s equation).

Solution
Equation of ellipse centered at the origin in parametric form
T = acosiy y' = bsiny
Focii are at (dae,0) where €2 = 1 — b?/a?
Hence in the sun’s frame of reference
x = a(cosy — e) y = bsiny
12— 2 4 y?
2(costp — €)* + b?sine

=a*(
= a2( costh —e)? +(1—e )sinzz/J)
a®((cosy — e)® + (1 — €?)(1 — cos®v))
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a?(cos®yp — 2ecostp + €2 + 1 — cos?h — €% + e*cos ’(/J)
a*(1 — ecosi))?
( — ecost))

For a circular path, area of ‘sector’ SPE' =142’ — 1 (ae)(asin6’)

b

For an elliptical path, area of sector SPE = —(area SPE’)
a

Hence area SPE = %abz/i — %abesimp

Using Kelper’s second law the time taken, ¢, from the perihelion
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