Kibble & Berkshire Chapter 5 Problem 19

Problem

The co-ordinates (x,y, z) of a particle with respect to a uniformly rotating frame may be related to
those with respect to a fixed inertial frame, (z*, y*, z*), by the transformation

T coswt sinwt 0 z*
y| = | —sinwt coswt 0 y*
z 0 0 1 z*

Write down the inverse relation giving (x*, y*, 2*) in terms of (z,y, z). By differentiating with respect
to t, derive the relation between d’r/dt*> and . [Hint: Note that ¥ = (&,4, 2), while d?r/dt? is the
vector obtained by applying the above transformation to (&*,§*, 2*).]

Solution

coswt sinwt 0
—sinwt coswt 0| = coswt(coswt — 0) — sinwt(—sinwt —0) +0=1
0 0 1

Since the determinant is 1 the inverse matrix is simply the transpose of the original.

z* coswt —sinwt 0 T
y* | = | sinwt coswt 0 Y
z* 0 0 1 z

From this equation we have

= xcoswt — ysin wt

Tcoswt — xwsin wt — ysin wt — ywcos wt

&* = Fcoswt — 2twsinwt — zw?cos wt — fsinwt — 2gwcos wt + yw?sin wt

Similarly
" = Esinwt + 2dwcos wt — zw?sinwt + jcos wt — 2wsinwt — yw?cos wt

=z

Thus applying the original transformation to these values we have

d*z ., ey
Tz =T coswt + Yy stnwt

= Fcos® wt — 2Ewsin wt cos wt — Tw?

cos® wt — §jsin cos wtwt — 2Gwcos? wt + yw?sin wt cos wt

+ @sin® wt + 2dwsinwt cos wt — zw?sin® wt + §sin wt cos wt — 2Gwsin® wt — yw?sin wt cos wt
=i — 2wy — wix
Similarly

d?y . Pz
ﬁ:y+2wx—w2y and o

J D Cain



Kibble & Berkshire Chapter 5 Problem 19

Hence
d2r d*x/dt? F — 2wy — wx
el d>y/dt? | = | §j+ 2wi — w?y
d?z/dt? Z
2r T —wy —w?z
Tz g +2 wi | + | —w?y
Z 0 0
or
d’r . .
w:r—kaxr—kwx(wxr)
Since
i j k —wy
wXr=|0 0 w/ =1 wz
T Yy Z 0
and
i j k —wx
wX (wxr)=| 0 0 wl=|-w
—wy wzxr 0 0
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