
Kibble & Berkshire Chapter 6 Problem 8

Problem

Find the quadrupole moment of a distribution of charge on the surface of a sphere of radius a with
surface charge density σ = σ0

(
3
2cos

2θ − 1
2

)
. Find the total energy stored in this distribution.

Solution

Quadrupole moment in spherical polars

Q =

∫ ∫ ∫
σr′ 2(3cos2θ′ − 1)d3r′

=

∫ ∫ ∫
σr′ 2(3cos2θ′ − 1)r′ 2sinθ′dθ′dϕ′dr′

=
1

2

∫ ∫ ∫
σ0r

′ 4(3cos2θ′ − 1)2sinθ′dθ′dϕ′dr′

The integral over ϕ yields a factor of 2π and r′ = a ⇒

Q = σ0πa
4

∫ π

0

(3cos2θ′ − 1)2sinθ′dθ′

= σ0πa
4

∫ π

0

(9cos4θ′sinθ′ − 6cos2θ′sinθ′ + sinθ′)dθ′

= σ0πa
4

[
−9cos5θ′

5
+ 2cos3θ′ − cosθ′

]π
0

= σ0πa
4

[(
9

5
− 2 + 1)

)
−
(
−9

5
+ 2− 1)

)]
=

8σ0πa
4

5

———–
For a surface charge distribution the total energy stored

E =

∫
φdq =

1

2

∫ ∫ ∫
φσd3r′

Where φ(r) = φ0 + φ1 + φ2 + . . .

Both total charge q and dipole moment d are zero, hence the monopole and dipole terms vanish,
and

E =
1

2

∫ ∫ ∫
φ2 σd

3r′

Where φ2 =
Q

16πε0r′ 3
(3cos2θ − 1) =

σ0a
4

10ε0r′ 3
(3cos2θ − 1)

The integral over ϕ yields a factor of 2π, r′ = a and simplifying ⇒

E =
πσ0

2a3

20ε0

∫ π

0

(3cos2θ′ − 1)2sinθ′dθ′

=
πσ0

2a3

20ε0

(
8

5

)
=

2πσ0
2a3

25ε0

———–
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