
Lancaster & Blundell Chapter 3 3.3

Exercise 3

The three-dimensional harmonic oscillator is described by the Hamiltonian

Ĥ =
1

2m
(p̂21 + p̂22 + p̂23) +

1
2mω2(x̂2

1 + x̂2
2 + x̂2

3)

Define creation operators â†1, â
†
2, and â†3 so that

[
âi, â

†
j

]
= δij and show that Ĥ = ℏω

∑3
i=1(

1
2 + â†i âi).

Angular momentum can be defined as

L̂i = −iℏϵijkâ†j âk where ϵijk is the Levi-Civita symbol

so that for example L̂3 = −iℏ(â†1â2 − â†2â1).

Define new creation operators

b̂†1 = − 1√
2
(â†1 + iâ†2) b̂†0 = â†3 b̂†−1 =

1√
2
(â†1 − iâ†2)

and show that
[
b̂i, b̂

†
j

]
= δij , the Hamiltonian is Ĥ = ℏω

∑1
m=−1(

1
2+b̂†mb̂m) and L̂3 = ℏ

∑1
m=−1 mb̂†mb̂m

Solution

Defining creation and annihilation operators so that
[
âi, â

†
j

]
= δij

â†i =

√
mω

2ℏ

(
x̂i −

i

mω
p̂i

)
âi =

√
mω

2ℏ

(
x̂i +

i

mω
p̂i

)
The Hamiltonian may be written (see equations 2.11 to 2.14 in the text)

Ĥ =

3∑
i=1

p̂2i
2m

+ 1
2mω2x̂2

i = ℏω
3∑

i=1

(
1
2 + â†i âi

)
—————————–

Evaluating the commutators for the new operators[
b̂1, b̂

†
1

]
= 1

2

[
(â1 − iâ2), (â

†
1 + iâ†2)

]
= 1

2

[
(â1 − iâ2)(â

†
1 + iâ†2)− (â†1 + iâ†2)(â1 − iâ2)

]
= 1

2

([
â1, â

†
1

]
+

[
â2, â

†
2

])
= 1

Similarly
[
b̂0, b̂

†
0

]
=

[
b̂−1, b̂

†
−1

]
= 1

[
b̂1, b̂

†
0

]
= − 1√

2

[
(â1 − iâ2), â

†
3

]
= 0[

b̂1, b̂
†
−1

]
= 1

2

([
â1, â

†
1

]
−

[
â2, â

†
2

])
= 0

Similarly
[
b̂i, b̂

†
j

]
= 0 for all i ̸= j

Hence
[
b̂i, b̂

†
j

]
= δij
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Evaluating b̂†mb̂m

b̂†−1b̂−1 = 1
2

(
(â†1 − iâ†2)(â1 + iâ2)

)
= 1

2

(
â†1â1 + iâ†1â2 − iâ†2â1 + â†2â2

)
b̂†0 b̂0 = â†3â3

b̂†1 b̂1 = 1
2

(
(â†1 + iâ†2)(â1 − iâ2)

)
= 1

2

(
â†1â1 − iâ†1â2 + iâ†2â1 + â†2â2

)
1∑

m=−1

b̂†mb̂m = â†1â1 + â†2â2 + â†3â3 =

3∑
i=1

â†i âi

And the Hamiltonian may also be written

Ĥ = ℏω
1∑

m=−1

(
1
2 + b̂†mb̂m

)
—————————–

Angular momentum L̂3

L̂3 = −iℏ(â†1â2 − â†2â1)

= ℏ
(
−iâ†1â2 + iâ†2â1

)
= ℏ

(
−b̂†−1b̂−1 + b̂†1b̂1

)
= ℏ

1∑
m=−1

mb̂†mb̂m

—————————–
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