
Lancaster & Blundell Chapter 5 5.6

Exercise 6

Use the Lagrangian

L = −mc2

γ
+ qA · v − qV

for a free particle of charge q and mass m in an electromagnetic field to derive the Lorentz force, i.e.

d

dt
(γmv) = q(E+ v×B)[

Hint: ∇(a · b) = (a · ∇)b+ (b · ∇)a+ b× curl a+ a× curlb
]

Solution

Lagrange

d

dt

(
∂L

∂v

)
− ∂L

∂x
= 0

∂L

∂v
=

∂

∂v

(
−mc2(1− v2/c2)1/2 + qA · v

)
= γmv+ qA

∂L

∂x
= q

(
(A · ∇)v+ (v · ∇)A+ v× (∇×A) +A× (∇× v)−∇V

)
= q

(
v× (∇×A)−∇V

)
∗

= q
(
v×B−∇V

)
d

dt

(
γmv+ qA

)
= q

(
v×B−∇V

)
d

dt
(γmv) = q

(
−∂A

∂t
−∇V + v×B

)
= q(E+ v×B)

————————————–

* a× (b× c) = b(a · c)− c(a · b)
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