
Lancaster & Blundell Chapter 5 5.9

Exercise 9

Show that ∂µF
µν = Jν reduces to two of Maxwell’s equations, and that the other two can be generated

from the equation
∂λFµν + ∂µFνλ + ∂νFλµ = 0

Solution

Fµν =


0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0


For Maxwell’s equations in free space ∂µF

µν =

(
∂

∂t
,∇

)
Fµν = (ρ,J)

∂0F
00 + ∂iF

i0 = ρ

∂1E
1 + ∂2E

2 + ∂3E
3 = ρ (1)

∂0F
i0 + ∂iF

ij = Jj

−Ė1 + ∂2B
3 − ∂3B

2 = J1 (2a)

−Ė2 − ∂1B
3 + ∂3B

1 = J2 (2b)

−Ė3 + ∂1B
2 − ∂2B

1 = J3 (2c)

Equation (1) → ∇ ·E = ρ and equations (2) → ∇×B = J + Ė

————————————–

Fµν = gµνF
νµ =


0 E1 E2 E3

−E1 0 −B3 B2

−E2 B3 0 −B1

−E3 −B2 B1 0


For Maxwell’s other two equations ∂λFµν + ∂µFνλ + ∂νFλµ = 0

λ = k → ∂kFij + ∂iFjk + ∂jFki = 0

∂3F12 + ∂1F23 + ∂2F31 = 0

∂3B
3 + ∂1B

1 + ∂2B
2 = 0 (3)

λ = 0 → ∂0Fij + ∂iFj0 + ∂jF0i = 0

i = 1, j = 2 → ∂0F12 + ∂1F20 + ∂2F01 = 0

−Ḃ3 − ∂1E
2 + ∂2E

1 = 0 (4a)

i = 2, j = 3 → ∂0F23 + ∂2F30 + ∂3F02 = 0

−Ḃ1 − ∂2E
3 + ∂3E

2 = 0 (4b)

i = 3, j = 1 → ∂0F31 + ∂3F10 + ∂1F03 = 0

−Ḃ2 − ∂3E
1 + ∂1E

3 = 0 (4c)

Equation (3) → ∇ ·B = 0 and equations (4) → Ḃ+∇×E = 0

J D Cain


