
Lancaster & Blundell Chapter 6 6.1

Exercise 1

Show that the Lagrangian density L given by

L =
1

2

(
∂µϕ

)2 − 1

2
m2ϕ2

yields the Klein-Gordon equation when using the Euler-Lagrange equation. Also derive expressions
for the momentum π = ∂L/∂ϕ̇ and the Hamiltonian density H = πϕ̇− L for this Lagrangian.

Solution

∂L/∂ϕ = −m2ϕ ∂L/∂(∂µϕ) = ∂µϕ since
(
∂µϕ

)2
= ∂µϕ∂µϕ

Euler-Lagrange

∂L
∂ϕ

− ∂µ

(
∂L

∂(∂µϕ)

)
= 0

−m2ϕ− ∂µ(∂
µϕ) = 0

(∂2 +m2)ϕ = 0 (Klein-Gordon)

Momentum

π =
∂L
∂ϕ̇

=
∂

∂ϕ̇

(
1
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(
∂µϕ

)2 − 1

2
m2ϕ2

)
=

∂

∂ϕ̇

(
1

2

(
ϕ̇2 − (∇ϕ)2

)
− 1

2
m2ϕ2

)
= ϕ̇

Hamiltonian

H = πϕ̇− L

= ϕ̇2 −
(
1

2

(
∂µϕ

)2 − 1

2
m2ϕ2

)
= ϕ̇2 −

(
1

2

(
ϕ̇2 − (∇ϕ)2

)
− 1

2
m2ϕ2

)
=

1

2
ϕ̇2 +

1

2
(∇ϕ)2 +

1

2
m2ϕ2
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